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Introduction:-
In this Class-12, we will discuss the following Concepts
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> Linear Combination of vectors d@c¥ &1 @& HATeI

> Spanning set " e

> Linear Span Y@@ ¥

> Finitely and Infinitely Generated Vector Space uffira ofiv sFHd
0§ I0A daey WA

> Properties Or Theorems U] 4] e

> Next, we will discuss Class — 13 3H® dI1¢, 89 H&T -13 U 9]
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Linear combination of vectors
A vector v € V(F) is said to be a linear combination of

the vectors v, v,, ....v, €V if v can be expressed as v =
a, v, + a,v, + ---a,v,, where a,,a,, ....a,, € F are scalars.
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Example-1

If v, =(1,1,1),v, = (1,0,1) and v; = (1,0,0), then vector
v =(9,2,6) is a linear combination of the vectors v, v,
and v; as v can be expressed as v = 2v; + 4v, + 3v;

uﬁvl_(111)v2_(101)aﬁ? — (1,0,0) ®, at |few
=(9,2,6) '\‘Iﬁ'ﬂvl,vz Gﬁ?v3 WWW%@%
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Example-2
Zero vector 0 is always a linear combination of any finite

number of vectors v, v,, ....v,, since 0 = Ovy + Ov, + --- +
Ovy,
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Spanning Set

Let S = {v,,v,, ....v,} be a subset of a vector space V(F),
then set S is said to be spanning set (or generating set)
for vector space V(F) if every vector in V is a linear
combination of the vectors in S.
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* Note:- If S is spanning set for V/, then we say that the
vector space V is spanned by S or the set S spans V.
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Example:-

{(1,0,0), (0,1,0), (0,0,1)} is a spanning set for R>.

{(1,0,0), (0,1,0), (0,0,1)}R? & foru v W1 AT B
Because each vector (x,y,2) € R® can be expressed as
HifPp Ud®d daeX (1, v, z) € R3 Bl 59 UPR ad bdT oI
qHdl 8

(x,v,z) =x(1,0,0) + y(0,1,0) + z(0,0,1)
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Linear Span

Let S = {vy,v,, ....v,,} be a non-empty subset of a vector space V(F),
then the set of all linear combinations of finite set of elements of
S is called Linear Span of S. It is denoted by L(S) or < s>
AHA A S = {vy, vy, ... v, } TB HIG AP V(F) T T o IuaH=d
¢, a1 s & dal » e va=a & 9 Hee saieHl & 9q=a 9
S BT QP BaTd Hel Jrdl g1 T/ L(S) TT <S > gRT STAT SraT 8
i.elL(S)or|(S)|= (v, vy, ... V) = {Di=qa;V;}

Where q; € F,v; € S and n is finite. \
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Finitely and Infinitely Generated Vector Space

A vector space V(F) is said to be finitely generated
vector space if there exists a finite subset S of VV such
that all the elements of V are generated by the elements

of S.
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i.e V = L(S).
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For Example:-

* s a finitely generated vector space. Because it is generated by
finite set S = {v,, vy, .... v}

(RY T uRifid U } Iuw wfew =i 81 i g8 ulifta de s =
(1, v, ... v} TRT SUA I 8

* If a vector space V(F) can-not be generated by a finite number of
vectors, then it is said to be infinitely generated vector space.
gfe e afewr Iufy vir) & afe 3t ve e e grT I T8)
féran & war 8, @t 3/ 3Fd U | I4T A Afy wer wrar 2




For example:-

The vector space P(R) of all polynomials in x over a field R is
infinitely generated vector space because the set of infinite
vectors {1,x,x% x>, ....x", .....} generates P(R) but there exists
no finite set of vectors which can generate P(R).
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* Properties OR Theorems
1. In a vector space V,L(S) is the smallest subspace

containing S.
afexr qufy v # L(S) a8 A Bier Su9HfP ¢ forad s 21
2. In a vector space L(S) = S iff S is a subspace of V.

aferaufy & L(5)=s afe sk Faa afe s, v &13uwafp 2




Results:-
1.1f S = 0 then [L(S) = {0})
2.If S; < S;, then L(S;) < L(S>)




Basis of a vector space
Let V(F) be a vector space. A subset S = {v,,v;, .....v,} of V is said to

be a basis of U, if
HTE SIfo1e V(F wmm%lvmms (U1, Vay oo U}V
marremaa—st—rm%trﬁ

T/ V4, V3, .... Uy are linearly independent vectors.
vy, Uy oo mwﬁmmél

2. V1,V3,.....0, Span V . i.e 'V = L(S) i.e every vector of V is a linear
combination of the vectors of S.

vy, Vs, ﬂmﬁwﬁ%l YT V=L(S) YT V BT YD A S
& Uil &1 Us I g gl




Some Examples of Standard Basis
~The vectors (1,0) and (0,1) form a basis for R*(R).

|fe=r (1,0) 3R (0,1)R2(R) ¥ oI YR 9114 |
2. The vectors (1,0,0),(0,1,0) and (0,0,1) form a basis f
| (1,0,0),(0,1,0) 3R (0,0,1)R?(R) P foIU TYUR T & |
_~3. The vectors (1,0, ......,0), (0,1, ...,0), ... ... (0,0, ... .....,1) form a basis for
®™XR).
|fe=r (1,0, ......,0), (0,1, ...,0), ... ..... (0,0, ... .....,1)R™(R) P foIQ 3MYR §914 &
4. The set {1,i} is a basis for C(R).
|e (1,) C(R) & forg smurR 21
/5. The set {1} is a basis for R(R).

AT (1) RR) & T e &)




/6./ The vectors (1,0,0), (0,1,0), (0,0,1) (i,0,0), (0,¢,0) and (0,0,i) form a basis
for C3(R). S
|fe (1,0,0),(0,1,0),(0,0,1) (i,0,0),(0,i,0) 3R (0,0, )C3(R) & forw TYR F14 £

_ZIf P,(x) denotes the vector space of all polynomial of degree atmost ' n
', then the set {1, x, x4, ....x"} is a standard for P,(x).

afe p,(x) AfUFHaH 'n' UTd a1t A 9gugl & Tiew qafp & =g swar
g, @ WY (1, x, 4%, ... x"}P, (x) & foQ U& W B
8. The set {1, x,x% x3, x*(x°) is a standard for P;(x).

ST {1, x, x2, 13, x*, x°}P: (x) & fOI¢ U A9 B
1 0] [0 1] [0 0] [0 O : .
9..Theset{0 0], 0 0,[1 0],[0 1}|sabaS|sfor114_2x2(R).
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Results:-

1. The set @ is a basis for {0}.

AT ¢ (0} F forg T MYUR B

2. A basis of a vector space is a Linearly Independent set but a
Linearly Independent set of vectors need not be a basis of V
since these linearly independent vectors may not span V.

U Al FUP BT YR TP I@S &0 A WaF A¢ aidl ¢,
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Properties OR Theorems on Basis

1. f §={v,v,...v,} is a basis of V(F), then every
element of V can be uniquely expressed as a linear
combination of v, v,, ..... v, and conversely.

afe s = (v, vy, ... v, }V(F) BT YR B, @l V & TAP dd
B v, v, ....v, B AP O & ©U § Yy wu A
o< T ST adar g 3R 9 faudid|

2. If S ={vy,v,,...v,} spans a vector space V(F), then
there exists a subset of S which is a basis of V .




afe s = (v, v,, ... v, ) TP GfeT UMY v(F) F Barar g, at
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3.1f S = {vy, v, .....v,} spans V(F), then any n + 1 vectors
in V are linearly dependent.

gfe s = {vy, vy, .....ﬁ(F)ﬂﬁaﬂﬁT%,?ﬁVﬁaﬁglﬂnH
fewr Y@e wu F nfia g g1




4. If S ={v4,v,,.....v,} is linearly independent and v ¢
(S), then the set S U {v}|is linearly independent.

afe s = (v, v,,.....v,} QAP TY A WdF § M ve(S) B,
al A¢ su{v} IEF 9 A W&dT 2|

5. If V is a finitely generated vector space, then any two
bases of I/ have the same number of elements.

gfe v v uftfia w0 @ Sauw afew wafy £, ot v & fasht
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