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Introduction:-

In this Class - 8, we will discuss the following Concepts

g9 Haf - 8 #, gH fAgfefad smyrmat v aaf &3

» Binary operation H'I?-F-Iﬁ TR

» Internal and External binary operations alk® 3R Trg
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> Field Bics

» Vector Space daey 9

> Next, we will discuss Class — 9 9 d1¢, 80 H&T - 9 U3 T4
Pl
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Binary operation ’

Let G be a non-empty set. A function G X G- G is
called a binary operationon G, ifa x b € G for alla,b € G.

7T HifY 6 TP IR-Rad A 31 TP B “GxG—-G Bl
G UR SI3-RI ATIRRH BT AT 8, 3R allabeG F forg
a*beG Bl |



In other words,

An operation which combines two elements of a set to give
another element of the same set is called a binary operation
or a binary composition.

gg dfrar ot fodlt Iq=g & @ 9l 1 Saiforg e I
Y=Y HT U 39 dd odl o, fgenurst wfssar ar fgamersh
HYoH Hgdardl g



Note:-

Generally binary operation is denoted by ' *x " and
ax* bisread as 'a operation b'.

TG STgIR1 SO D * * * § GRITT ST 8 qUT
a*" " b @1 'a TR b’ & ¥ H YT STd1 2|




Example-1
Addition ' + ' is a binary operation on Z (set of
integers) Fora,b € Z, wegeta + b € Z.

SIS ' + ' Z (YUIp] BT HHE) TR TP qI5-I1 TR
8l a,bez & foIT, 89 a+bez AT g1

A



Example-2

Matrix addition ' + ' and matrix multiplication " x ' are also binary
operations on M, where M is the set of all 2 X 2 matrix over reals. i.e

M={E g:maadER}

Afeag O ' + 3R AfRE U x ¢ Wt M IR I TR §, wiEl
M arfae denst w Wt 2x2 Aftew &1 A¢ 31 T M=

([ °]:abcder).



Example-3
Subtraction ' - ' is not a binary operation on N (set
of natural numbers). As 2 — 3 = -1 & N.

' N (WTHfd® GBIel 1 94g) R Jrg-st
errq’émqq‘é’r%liﬂ%n -1¢N.



Internal and External Binary operation

Internal Binary operation

Let V be a non-emptyset, ifuxv € Vforally,v € Vandu *
unique) then the binary operation ' * ' is an internal

binary operationon V.

A Ao v ue Rea aq=a g, gt It wve vF T u
peE VauT utv AfGaA &, af S5-I TRYH ' * ' VIR TH
TP qIE=RT TR 2




External Binary operation

4
Let V and F be two non-empty sets, if for each@]and

(a€ Flaxue Vandaxuis (uniqua then the binary operation
" * ' is an external binary operation on V over F.

HTH Ao v 3R F S 3ifYed 9q=d €, 9fe ud® ue v 3R
aceE F%F@T"{a*ue Vé-ﬁ'\'a*u\?v@?ﬂ'q%,?ﬁmmq'
* 'V UX F UR U 918 918931 TR 2|




Field

Let F be a non-empty set with atleast two elements associated
with two binary operations defined by ' + ' and '’ respectively.
Then the élgebraic structure ( F, +, )!is a field if the following
properties are satisfied:

AP ree R-Readce A sndsugiaas ot
HHT: ' + ' 3R ' A GRTIRYING g arg=_Y TR A S g1 99
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Axioms of Addition:-
’

1. Closure Law (a®b € ijor alla,b € F
a9+ fFa: Hﬁﬂa,bEFaﬂ%‘I‘Qa+beF 2.0
2. Commutative Law: a®b =b@®a forall a,b € F/ |
fafeaa Aaa: 9t a,beF & T a+b=b+a

3. AssociativelLaw:a+ (b+c)=(a+b)+cforalla,b,c € F

Wﬁ'ﬂﬂ: gl a,b,ceF aiﬁl'({ a+(b+c)=(a+b)+c




4. Existence of Identity : for all a € F, there exists an element 0 € F
such thata +0=0+a=a|

~ee i &1 AfRIda: W acF & fT, '& @ oeF Hivg @ o &

a+0=0+a=a

5. Existence of Inverse : for each a € F, there exists an element b €
F such that a+ b =b+a=0. Here element b is called inverse
(additive inverse) of a and it is denoted by —a.

a;ammaﬁra AP acF & forg, WaﬁbeFﬁﬁj@'%aﬁﬁ?

a+b=b+a=0. T8I dd b P a B GcpH (U1 HpH) HET AT & 3R
39 -a GRT SXITAT SATaT B |




Axioms of Multiplication :

1. Closure Law : for all a,b € F, the element a.b € F
a9+ fAag: gt a,beF & Fc"l'q dcd a.beF

2. Commutative Law:a-b=b.aforalla,b € F
fafeag fAgw: 9t a,beF G f%I'Q a‘-b=b.a

3. Associative Law: (a - b).c = a - (b.c) foralla,b,c €F
—

aread fraw: 9t a,b,ceF F RIT (a-b).c=a-(b.c)




4. Existence of Identity: For each a € F, there exists an element 1 €

"\-.________

Fsuchthata.l=1l.a=a
T g B HRIE: YD acF & fIY, Uo a@ 1eF Hivg & o &
a.1=1.a=a

5. Existence of Inverse : for each non-zero element a € F, there
exists an element b € F such thatla-b=b-a = ﬂ Here element b

is called multiplicative inverse of a and it is denoted by i

gopH P AHAIG: TP R-YA 9 aeF & oY, U d beF HING
g oY fF a-b=b-a=1. GET d@ b B a BT UITHP HcHH Hel ATdT &

R T - GRT ST el 8




Distributive Law :

Multiplication is distributive with respect to
addition.

U O & H9Y § fqavumeT® gl
i.e for all(g, b,c € F)
(a-(b+c)=a:-b+a-c

(M) (a+b)-c=a-c+b-c



Note:-
//I. If R be a Set of real numbers, then (R, +,-) is always a field.

gﬁamﬁﬁ\q‘m&ﬁmw%a’r(m,-)ﬁawﬂiﬁm
|

/2. If C be a Set of complex numbers, then (C, +,) is always a field.
gfe ¢ Ity HEmsl &1 =4 8, a1 (C,+,-) Ued UP &F glar g




Vector Space

Let F be a field. A vector space over F, is a non-empty set V together
with two operations (called addition and scalar multiplication) such
that for each u, v € V, there is a unique element u + v € V and for a €

“F and u €V there is a unique element au € V and it satisfies the
following conditions :

T ST F U & 81 F IR T Aiw wafd, T R-Rea wqea v e,
forad @ d@ftpart (R AT R s A Fea ) S PR & &
uﬁﬁu,vevﬁ%mwaﬁ?ﬂuaa u+vEV%H?-ITaEF3a'\'uEV$ﬁ'TQ
US Afgeld ded aueV § ayT U8 Auferfaa waf & @ sare:




r hony
Internal operations —

¥ u+@+w)=@u+v)+w forall u, v, w € V (Associativity)
u+(v+w)=(u+v)+w gy TRVATAY) & ﬁﬂ! (ﬂ?ﬂ’l’ﬁlﬂf)

2.u+v=v+uy, foralllyve V) (Commutativity)

TERTERTENT) g u,veV & ﬁl’E (ﬁﬁ'ﬂ'q?l'l')

3. There exists an element 0 € Vsuchthatu + 0 =u =0 + v, for all
u € V (Existence of Identity element)

US dcd 0eV HING & o fF u+0=u=0+u, T4 uev ¥ forw (vg=m™
dad &1 3HfTe)




4. For each u € V, there exists a unique element —u € V such
that u + (—u) = 0 = (—u) + u (Existence of additive inverse)

mueva?fﬁ'q,wmﬂﬁ -uEV'Fﬁ\_rj\'c{%a'\ﬁ% u+(-
u)=0=(-u)+u (AT YaPH BT HT&I@)



| gofC&h‘ )
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External operations W

1. a(u+v) =au+av for all a € F/and u,v € V. (scalar multiplication is distributive
over additioninV)

a(u+v)=au+av T aeF TYT u,veV & 7| (TR UH v # 91 R faRomaTs @)

2. (a+b)u =au+ bu for allla,b € F ]andlu € V) (scalar multiplication is distributive
over addition in F)

(a+b)u=au+bu W a,beF TUT ueV F AT | FFeR TUH F # I W fFaomeaT )
3. (ab)u = a(bu), foralla,b € Fand u € V.

(ab)u=a(bu), T a,beF dyl uev & ﬁ"ﬂ'{l

4. 1u = u, for all u € V, where 1 is the multiplication Identity of F.

lu=u, 94 uev & frT, 98T 1 F F U= TgT= 21




Note:-

1. The elements of F are called scalars and the elements of I/ are
called vectors.

F P dcdl B AT FET AT & 3R V P dcdl b IS ST a1 |

2. A vector space over a field F is denoted by V(F) or simply V.
frdt &= F ur afewr gufY &Y v(F) a1 Faa v gRT St Sirar 2|

3. Any field forms a Vector space over itself.

HIe H & A FUR P Tfew gufy g9mar 2




4. If H be a subfield of a field F, then F can be consider as a
vector space over H. i.e F(H) is vector space.

g HfPN AT FFTIIUAT R, A F P H R P Al Iuafp F =
¥ A1 S HHdl 8| 34fd F(H) T |iew wafe 2|



Example -1 If C be a set of complex numbers and R be a set
of real numbers then C(R) is always a vector space.

gfe ¢ ATy JBIsit &1 9= 81 3R R IRAAS J&AT3I BT
qY=d gl df C(R) Hed U Aicw wAfP gt 2|

Example -2 If C be a set of complex numbers and R be a set
of real numbers then R(C) is not a vector space.

gfe ¢ afvry Temnail 1 9= g1 3R R afa® SBT3l &1
¥qd g1 df R(C) TP Aicw Al 781 2



Introduction:-

In this Class-9, we will discuss the following Concepts
39 $&1-9 ¥, g4 Fufafea suronsit w g9 3
> Vectors in R” R"H TfaxI
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> Properties OR Theorems on Vector Subspaces HiGR IU-RIM W o1
q1 yH g
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Vectors in R"

e Set R of real numbers is considered as the Euclidean Line, i.e as

N

Euclidean 1 - space denoted b
ardfa® GBIt & e R H gfFarsy ¥@T HET &1dT 8, AHUfd

gfeafsas 1 - WY o R gRT g2ifar Srar 21

eSet of all ordered pairs ( a,,a, ) of real numbers is called
Euclidean 2 - space and is denoted by R“.

arfa® ST & T Hi8d T (a,, a,) P A I giaarsad
2 - WY HET oTdT & 3R 38 R? §RT <A1 9171 2|




e Set of all ordered triples ( a,,a,,a; ) of real numbers is called

Euclidean 3 — space and is denoted by
arafae Sensl & Wit i BFt (4,4, 0,) F VT B

gfeafea 3- T ST A1aT 8 SR 39 RS GRT ST S1elt B |

e Set of all n-tuples (a,,a,,as;, .....a,) of real numbers is called

Euclidean n — space and is denoted b
grfd® S@Iet & AW n-eUd (ay,ay,as,.....a,) B AT B
gfFAfSuT n- W HT 9141 8 3R T/ R" §RT S=AT4T a1 8|




Note:-

1. An ordered n-tuple of real numbers is called a real n -
vector.

aRdid® A=I3l & BT n-aUd Pl JRAAP n-daeT Bl
a2 |

2. Euclidean n - space is also denoted b@

giFafSa n-TF B R,, TRT HI =TT ST B




Subspace

A non-empty subset I/ of a vector space V (F) is said to form
a subspace of VV if W is also a vector space over F with the
same addition and scalar multiplication as for V .

i R V(F) BT T IR-Raa IT9q=a w, v &1 IU-RIH
gran ¢ afe w it F R U@ few s @ o v & war g
oS 3R 3ife=r U g |




Example-1

Let W, = {(a,0,0):a € R}and W, = {(a,b,0):a,b € R}. Here W,
is a subspace of IW,.

A AT W, = {(a,0,0):a € R} R W, = {(a,h,0):a,b € R)
g8l w,, W, &1 IU-RIH g

Also W, and W, are subspaces of R°.

1Y 8w, 3R W, R? & IU-RITH ¢



Example-2

The entire space V and the zero space (also called Null
space) {0} are always subspaces of I/ and are called trivial
subspaces or improper subspaces of V and all other
subspaces, if any, are called proper subspaces.

Aol RIF v iR I RIF (DR 3= R WY &81 9141 8) (0)
ATV & IU-RF §Id § SMX I V P 55 SU-RITH T 3rqfrd
SU-RITH HgT A1dT g 3MY 3= It Iu-w=, afe +ig gf, a@t
IfUd IU-WITH Hgad 2 |



Properties OR Theorems on Vector
Subspaces

@ A non-empty subset W of a vector space V(F) is a subspace of V
iff W is closed under addition and scalar multiplication. i.e

afew gafy v(F) @1 R-rea STag=a w, v &1 309afy © aft ek
Fad gfe W T 3R Sife=r U= & siaefa 9 81 erufa

u+veWw forall u,v € W (addition)

au € W for u € W and a € F (scalar multiplication)

-__'-""-—\_-




2. A non-empty subset W of a vector space V(F) is a subspace of V iff gu + v € W for
eachae Fandu,veW.

afew WY v(F) &1 v R-Nea SuagE w, v 31 0@ Iu-9af € afe ok Faa afe
au+veW U acF Gh?u,vewaiﬁqﬁl

3. A non-empty subset W of a vector space V(F) is a subspace of Viff u —v € W for
eachuy,veWandaue Wforae Fandu e W.

mmﬁV(F)ﬁWﬁT-ﬁﬁm W, V &1 T IU-TUfP § afg ik Faa afe u-
veW UdA® u,veW & foT 81 31T aueW aeF 3MF uew & fou g1

4. A non-empty subset W of a vector space V(F) is a subspace of Viff au + bv € W for
eacha,b e Fand u,v eW.

afew waf® v(F) &1 v R-Naa Suagg w, v &1 0 Iu-gafY € afe ok Faa afy
au+bveW TS a,beF 3R TR afﬁ't{ﬁl




5. The intersection of any family of subspaces of a vector space V(F) is a subspace of

V(F).
afew gafP v(F) & Iu-wafP & fa=lt ot uiar &1 ufades viF) &1 ve Su-wafP 21

\/he intersection of two subspaces W, and W, of a vector space V(F) is also a
subspace of V(F).

afew Y vF) & S Iu-Tafy w, 3R w, &1 ufade Wt v(F) &1 s Iu-aafp &1

7. The union of two subspaces W, and W, of a vector space V(F) may not be a
subspace of V (F).

U e GHiP V(F) & 3 SUFHTY w, 3R w, &1 IY, V(F) $T IUTHTY 81 81 IHdl
g

8. The union of two subspaces is a subspace iff one is contained in the other.

QY vy 1 WY IuwwlY gt 2 af ok Faw ufy uw g & wwilRd g




Example -3 Let R be the field of real numbers. Then check
whether the subset W = {(x,2y,32):x,y,z€ R} of V; is a
subspace of V/;(R) or not?

AF AT R arafas S@nsit &1 &7 21 b s &% & v,
PITIUHHT W = {(x,2y,32):x,y,z € R}V3(R) Wm%

g1 al?



Example-4

Let R be the field of real numbers. Then check whether the
subset W = {(x,v,2):x,y,z € Q} of /5 is a subspace of V;(R)
or not?

AT sifore R adfas d@mnsit &1 &= 21 fb wira Fifoe f$
V, BT IUHHET W = {(x,y,2): x,¥,z € Q}V3(R) BT SUTHP 8

g1 el?



