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Introduction:-
In this Class -4, we will discuss the following Concepts

3 $&i1-4 | g Fafafed smyrons w gt &3t

> Introduction of Matrix as a Vector

Afee &1 U® dgey & U H uR=y

> Linear Dependence Y@@ faafzar

> Linear Independence ¥[@® Taadl

> Properties of Linear dependence and Independence

e fARar i wadmar & qur

> Next, we will discuss Class -4

9D d1G, BH P& -4 U Id B



Introduction of Matrix as a Vector

As we know that a three dimensional vector a = a,i + a,j +
a;k is also written as an ordered triplet (a,,a,,a;) and vice -
versa.

ot fp g0 wi9d § P v f-emamft d9ev G = a,i + auf + ask
P TP PHAS AP (a,, a,,a,) P TTH W @ Sar g sk g9
CLEIGE

By generalization to this to n -dimension is an ordered n-triple
(O O e et a,,) which is called an n -dimensional vector.




SUPT HRIBIVN HIP n-AATH TP HHEG n-ADI0
(s @5, 03, = eelin) g o n-3mardt daey HgT wrdaT 2|

Likewise, a Row matrix X = [a4, a3, a3, ... .... 4,4 can be
considered an n-dimensional vector and is written as X =

(a,a,,as,..a,)

Ul OvE, U Ul ARSI X = [ay, ay, a3, ... ... a,] 1., P TP n-
TATH AFET /AT A APdT & MR 59 X = (a,, ay, a4, ...a,)) B

*q ¥ forar wmar 8
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Linear Dependence
n-row matrices X,, X;, X3, .... X;, each of type 1 x n are said to be
linearly dependent if there exists ' n ' scalars

n-ﬁﬁﬁﬁ'\‘lxl,Xz,Xg, ....Xnﬁlqﬁﬁm1xn Wﬁg,ﬁ
e &0 A nfid ser T afe * n * TR HiSg &

ai,a,,as, ... a, not all zero i.e(at least one]of

a,,a,, s, ... a, is/non-zero)such that
a1 X{ + a,X, + a3 X3+, ...+ a,X,, =

= e B K ﬂuQQ PN L




__linear Independence
n-row matrices X;, X,, X3, .... X,, each of type 1 X n are said to be
linearly independent if there exists ' n ' scalars a,a,,a;, ...a,
such that the relation .

n-Ufad ﬁﬂ'\ﬁ'\‘l Xii X9 X, ol TP 1xn PR & Bid % 3%
R FUA AT PETIA@I AR ' n ' B ay, ay, as, ... a, HIVIG
gl o b Hay

a1 X, + axX; + azX3 + -+ a, X, = 0 gives

a; = 0,4, =0,03=0, ... .. cooenl@p = 0




Note:-
Similarly, we can define the Linear Dependence (L.D) and

Linear Independence (L.I) o@%l%n,@@
Ul UPR, §H Hiad AfeAT F1 fAaRar @adh s as
FAFdT (TH.3ATS) BT IR BT 9Phd g




Properties of Linear dependence and Linear

Independence

J< If two vectors are linearly dependent, then one of them is the
scalar multiple of the other.

uﬁaﬁ;ﬁﬁ%@ﬁwﬁaﬂfﬁaimaﬁﬁwwmm
T B

/ At con’tmn'ma m«ﬂj }'L& giag ua(lw A Qmw\(% oQatJﬂh "‘l
Fad I Al areT W= @S U J fia ghar 3|

— n T :
3. A set containing only the zero vector is linearlyidependent.

m@mmmwﬁﬁmﬁmﬁﬁ%l
1 _




. A set containing only a non-zero vector is linearly independent.

%@gmamwmmwmw@m
gar gl

. Every superset of a linearly dependent set is the linearly
dependent.

I & IWP U A a7 IH=T BT TP IU-THY P Y
A WA giar |

j Every sub-set of a linearly independent set of vector is linearly
independent.

;@ﬁ:mmwmmmﬁwﬁaﬁﬁm
|




7. If vectors X, X,, X5, ... ... X,, are linearly dependent, then atleast
one of them may be written as a linear combination of the rest
and vice-versa.

gfe afdwr X, X,, Xs, ... .. X, Y@Pa: AMATE, A 390 A $H A $H
UP &I WY & @D T & ©U | forar &1 Ioar g iR g9
fagdial

qt qt\(‘lz—- L — hqh

qlxk+ qa\lg\* PR S Un\(v\ —)




8. If the set of vectors X,, X;, X3, .... X, are linearly independent and the

set of vectors X, X,,X;,...X,,,Y are linearly dependent, then Y is a
-“""
linear combination of the vectors X, X, X;, .... X,,.

gfe wfe=nt &1 9q=a ¥, X,, X5, ... X, Q@D ﬁaa%ah?ﬂﬁﬁﬁm
AT Xy, Xy, Xs, .. X, Y Ve wTH g d vy wfem
Xy, Xy, Xs, ... X, D1 UP &P WA ¢

. The n-vectors X,, X,, X3, ..... X, are( linearly deEendent|iff the Rank of

the matrix A = [X;X,X; ... X,,] with given vectors as columns is less than

n.i.e[p(4) < n)
n-Tfe™ X, X,, X, ... X, Q&P &4 A AT § afe 3R Faa afe R e
Hﬁsﬁaﬁﬁu$mﬁamﬂfEWA—|xxx3 | B ¥P n A A
21T p(4) <n




|Al F0 .

10. The n -vectors X, X,, X, .... X,, areGinearly independenﬁff the
Rank of the matrix A = [X;X,X;5 ...... X,.] with given vectors as
columns is equal to n. i.e(p(4) = n

11. The n -vectors X, X,, X3, ....X,, are (Iinearly dependenﬂ iff the
matrix A = [X;X,X; .....X,,|] with given vectors as columns is
singular. i.e[|A| = 0)

A2. A set containing only the(zero vectorjis linearly dependent.
_“13. Aset containing only a(non-zero vector]is linearly independent.
4. Every superset of a linearly dependent set is the linearly
dependent.




Example-1
Examine for linear independence or dependence of the set of
vectors: (1.3,2);(1,—7,—8);(2.1.—1)

A & He o S ® WaFdr a1 fFRar #t s #¥: (1,3,2):(1,-
7.-8):(2,1,-1)

| reia | 2
ConsiderA=|3 -7 1 l
2 -8 -1
1- -4 2
Here [A|=1|3 -7 1
.y 2 -8 -1




=1 I3 =D 2+ 10

=15+5-20<0)

Therefore Rank(A) < 3
Now we have atleast one non-zero minor of order 2 and which

is|, _|=-7-3=£10%0)
3E THR UTH $H 2 $T $H 4 $H TP JYAd? dY § 3R &l 8

|; _17\=—7—3=—10¢0

Rank (4) = 2'< number of vectors
Hence the given set of vectors is linearly dependent.

3ra: i &1 fear mar wyE Y@@ a: s g1




Example-2

Examine for linear independence or dependence of the set of
vectors: (1,2,0); (0,3,1); (—1,0,1)

afexl & ¥e @ WP Waar a1 fRar @t 9w o
(1,2,0);(0,3,1);(-1,0,1)

1 0 —1]

s "\
0 1 1
1+~0--—1
P I e |
! e o

Consider A =

Here |A| =




=13—-0)-02—-0)—1(2-0)
=3-2=/1#0
Therefore Rank (A) = 3)= number of vectors
THRIE ¥ (A) = 3 = IFR B HS
Hence the given set of vectors ls(lmea rly mdepem

gufere daer &1 fdar mar e Yee wu A W7 g




Introduction:-
In this Class-5, we will discuss the following Concepts

59 Hail-5 § gd fAufafad smurnat v 9=9f 3
> Characteristic Matrix

> Characteristic Polynomial

> Characteristic Equation

> Characteristic roots or Eigen values

> Spectrum

> Eigen vector or Characteristic vector or Latent vector
> Some Important Results

> Next, we will discuss Class - 6



Characteristic Matrix

Let A be a square matrix of order n and 1 be some scalar. Then the matrix

of the form

AT AT A 0 n &1 U@ aif Afeaw g 3R A $9 sifexr 81 9 wid &1 Afte
: A1n

a2

is called the characteristi of A, where | is an identity matrix of

order ' n .

?Ameﬁ‘uﬁ&rﬁwﬁﬁﬁﬁﬂm%ﬂﬁlﬂ'n'mwmﬂﬁw
|



Characteristic Polynomial

Let A be a square matrix of order n and 1 be some scalar. Then the
determinant

ATH AT A $Y n HH &1 TP a1t e AT STar 8 3R A 99 sifdwr g1 a9
AuR®

A11-2 a2 : A1n

a 255 : a
A-a=| 7 Ht

an1 an2 : |

When expanded gives a polynomial ¢ (1) of degree ' n ' in 1 and is called
the characteristic polynomial (or function) of the matrix A.

wie fawnfya fear wirar @ &Y A & f&3ft 'n' &1 to 98T o) a1 £ 3R =R
A A &1 sfiasfOre sgue (@1 waR) $81 9T 2|



Characteristic Equation

Let A be a square matrix of order n and 1 be some scalar. Then
the equationUA —Al| = OX is called the characteristic equation
of matrix A.

HT= AT A Fife n &1 U o1f At 8 3R A PO aifexr 1 aa
FHIBHUT |A-Al|=0 BT AT A &1 fywefore Fiieur e
STaT 8|




Shortcut Method to find Characteristic Equation

Wa swatrix of order 2 , then characteristic equation is
UJ; v~ given by|A? — ( Trace of A)1 + |A| = 0, where trace of A is the sum

yur=— g &ﬂ“”t‘ﬁ'diagonal elements of matrix A.
Jras® gf¢ A 39 2 &1 e aif Afee g, ot fa=iuar wdfiewor ar2-( A @
SH)A+|A|=0 GRT feuT 911 8, 98T A 31 ¢ Afeay A & fawof gl &1
arT 8|
2. If A is a square matrix of order 3 , then characteristic equation is
given by| 13 — ( Trace of A)A% + (A;; + Ayy + A33)A— |A| =0
afg¢ A HH 3 BT P a1 HAlgad @, dl [aRudl HHIBIO A3 -
( Trace of A)AZ + (Ay, + Ayy + A32)A — |A| = 0 GRT f&4T ST 3




Where A,,, A,,, A3; are the co-factors of the diagonal elements in A.
@ ¥ fawof ol & WE-IRS ¢ |

.

Ag 2 ()
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Characteristic Roots or Eigen Values

Let A be a square matrix of order n and 1 be some scalar. Then
the roots of the characteristic equation [A — AI| = 0(14, 4,, 43, ..
say ) are called the characteristic roots or latent roots or eigen
values or proper values.

HI ST A B n 9 &1 TP T AfewT & iR A 70 e 21
a9 TS FHIBIT |4 — 4| = 0(Ay, Ay, A5, .. AT AT ) B
el &1 fHaefore Ja ar sreuad ga a1 AT |19 91 Ifud
HTH BT ST 2|



Spectrum

The set of characteristic roots of a matrix A4 is called the
spectrum of matrix A.
AfeaT A & ifHaeUre qal & 9qg & AfcaT A $1WaTH Fel

ST 2|



Characteristic vector or Eigen vector

If 1 is a characteristic roots of an n-square matrix 4, then a non-zero
vector X satisfying the equation AX = AX is called a characteristic
vector of A.

gfe A T@ n-a7f At A &1 sifiaeiore ga 8, at IH®r AX=AX $I
qP B aTel LA Fie X, A B7 firaaidre afdw seamar |

The characteristic vector of matrix A is also called eigen vector or
latent vector of matrix A.

afee A & sifiagfre afew &t At A F71 smgi=daey 3R dde
afewr oft wgr war 2|



Some Important Results / Properties OR Theorems.

1. A characteristic vector X of a matrix A cannot correspond to more
than one characteristic root of A.

Afeay A &1 ts sfvaefe afewr x, A & e & iftre sifvaefore qa
& =Y ol gl Tl

2. If X is a characteristic vector of a square matrix A corresponding to
the characteristic root 1, then kX is also a characteristic vector of A
corresponding to the same characteristic root 1, where k is any non-
zero scalar.



gfe X Us T 3Tog A &1 U SifHaaiivre afew g ot sifiraeore qga A
& U g, @ kX ot I sifvraaOre ga A & @a A &1 v sifvaeafie
afew 8, 58l k H1$ o YRR ifew 81

3. The product of the characteristic roots of a square matrix of order n
is equal to the determinant of the matrix.

%H n TR 971 AfeeT & fiaeivre gl &1 urAwa At F RuRes &
WIS gla1 g

4. Sum of eigen values of a square matrix = Trace of the square matrix.

Tt AT & Mg A1 BT AR = T AfgeT &1 ¢9|

5. A square matrix A and its transpose A’ have same eigen values.

S T AP A 3R 3HF iU AA' & TS 119 FHH ¢



6. The matrix A and B~'AB have the same eigen roots, where B is an
invertible matrix of the same order as A.

Afeey A 3R B-14B & FHIH 34 A 8, W8l B, A & JHH HH BT TS
P AfeaT 21

7. If 1 is an eigen value of a non-singular matrix 4, then % is the eigen

value of A1,

afg A T R-Raemn Afeaw A o1 3197 7 8, @ 241 BT 3139 7H
gl

8. The eigen values of a real symmetric matrix are all real.
US qIifd® Gaid Afead & Tt sngf= a9 arafd® 8d 2|

9. The eigen values of a Hermitian matrix are all real.



us ghifey Afeaw & |t 3mg?= v+ aafd® gl &

10. The eigen values of a Skew-Hermitian matrix are either zero or
purely imaginary.

ﬁ?@-%ﬁﬂﬁﬁ%&ﬁﬂqmmﬁmmqﬂmﬁmﬁﬁ
gid ol

11. The eigen values of a diagonal matrix are the diagonal elements
of the matrix.

faeof Afde & smga = Aftey & ol o 814 B

12. The eigen values of a triangular matrix are the diagonal elements
of the matrix.

PR Afte & g = Aftew & el @ 81d 7



13. If 1 is an eigen value of a non-singular matrix 4, then ":—' is the

eigen value of adj. A.

gfe A U@ R-Tpaa ATRT A &1 3157 91 8, dt = adj. A BT 15N
A B
14. If 1,,4,, 4, .... 4,, are distinct characteristic roots of a matrix A and

if X,,X,,X;,....X,, are nonzero characteristic vectors associated with
these roots, then X,, X, X;, .... X,, are linearly independent.

afe 1,1, 15, ... 1, AfeT A & SravT-3@ T fHaaiire qa § o afe
X, X0, X, ... X, B9 H@Al ¥ 98 YRR fyaeivre afewr § ot

Xy, Xy, Xa, ... X, NP ©Y H WA ¢ |



Example:- Find eigen values and eigen vectors

(B. =6 2]

letA=|-6 7 —4|, then characteristic equation of the matrix A is given
T g, At I

by [A—-Al| =0

8 =0 %

AAdA=|-6 7 -4 dARE 4T AfUaaioE IHtE |4 - 41| =

g e E
ogRTfeaTmar g




=>|-6 7—12 -4
2 —4 3 =24
On solving we get,
A3 —1822 4+ 451 =0
A(A2 —181+45)=0
AA—=3)(1—15)=0
=-A4=10315




Hence the characteristic roots of A are 0,3,15.

3a: A & AfHaaores ga 0,3,15 81

vectors

Characteristic
8—-A

0. i.e

A%alﬁm&rfﬁramﬁalm ADX = 0 AR IHIUTH 8| fyfa

8 — 4
=~
2

Now we shall find the eigen vector for 1 = 0

3(d, 9 A=0 & forw 3T+ daey J1d S

—6

—6
7—4
-4

-6
7—A
-4

—4
3 -4

2
—4
F=3

J‘»’2
| X3

Put 4 = 0 in (i), we get

(i) ¥ A=0 7@ W, gH fear

of

11X1

X2
X3

=0

A

=0

non-zero solutions (A-ADX =



(8 -6 2 1[*1]
-6 7 —4||X2|=0
L 2 -4 3 11X3]
8x; —6x;, +2x3; =0
—6x; +7x, —4x, =0
le — 4x2 + 3X3 =0
By shortcut method
X1 X2 X3

P —12 4 37 = 5636

= — —— —
10 20 20
X1 Xz X3
Tzz=2=k(say):»x1=k;x1=2k;x1=2k
k1 17
S X= 12kl =2 X=5k]2
2k. 2

Similarly, we can find other eigen vectors for A = 3 and 1 = 15.

Ul UPR, BH A=3 3 A=15 & foIU =7 3mg?= Q92X uT 9@ d &



Introduction:-
In this Class -6 , we will discuss the following Concepts

Y $ail-6 H g9 Fufefaa srayromat v a9t 3

> Matrix polynomial

> Scalar matrix polynomial

> Cayley - Hamilton Theorem

> Monic Polynomial and Annihilating polynomial

> Minimal polynomial & Minimal Equation of a Matrix
> Derogatory & Non-Derogatory Matrices

> Some Important Results

> Next, we will discuss Exercise - 31.2 in Class - 7



Matrix Polynomial
An expression of the form

U Bt AfHafd

A xm + A, x4+ A, ,x" %2+ -+ A x+ A4, in

which A,,A,,_1,A,,—,, ....A1, A, are all square matrices of same
order, is called matrix polynomial of degree ' n " if A,, # 0.
o 4,4, 1,4, 5, ... Ay, A, ¥ THTE H & T TG &, 34
'n' °UTd &1 THE 9g9¢ HeT ATdT 8, IfG A_n#0 &I



Note:- Two matrix polynomials are equal iff the coefficients
of like powers of x are same.

A1e:- §Y 3TYE TgUG SRTaR BId § Jig x Bl HHIF °Tdl & [UN®
| Bl |



Scalar Matrix Polynomial

If the coefficients of a matrix polynomial are all scalar
matrices then the matrix polynomial is said to be a scalar
matrix polynomial.

gfe frelt aimegg ague & wt Ui aifewr siragg &t o simegE
9gUS P 3T 3T TgUS FHeT a2 |



Cayley - Hamilton Theorem
Every square matrix satisfies its characteristic equation. i.e

T o Afee 3= ifiaaifore Siievur &t |qy Har 8!

If |[A—2Al| =a, A" +a,_,A"" '+ -+ a, =0 is the characteristic
equation of an n -square matrix A , then a,4" + q,,_ A" ' +
et agl = 0.

gie |4 — Al| = a,A"+a, A"+ +a;=0TPn-—

g1t Afeew 4 &1 sifvaeiore gfleu g, @t a, 4" + a,,_, 4" ! +

o+ gl = 0.



Monic Polynomial
A polynomial in x in which the coefficients of the highest

power of x is unity is called a monic polynomial.

x H U 9gUe forad x &t I=dH °UTd BT NP TP il 8, TP
A" 9gug Heardr g

For Example:- f(x) = x> + 2x? + 3x + 7

Here coefficient of x° is 1.



Note:- The coefficient of the highest power of x is known as
the leading coefficient of the polynomial.

IT:- x Bt I=dH °Td BT UMD 984G BT AU OIS Hgardl
q



Annihilating Polynomial

Let f(x) be a polynomial and A be any square matrix, if f(4) =
0, then we say that the polynomial f(x) annihilates the matrix
A and this polynomial is called annihilating polynomial.

qT= SfTT f(x) TP 989G & 3T A PIg aFf 3ATHE &, Tl f(A)=0
g, O 89 $8d & P IgUG f(x) ATHE A B 7Y P gl § MR A
98US P! AY B aTdT 9gUS HeT Tl ¢ |



Note:-
The characteristic polynomial of a square matrix A is nonzero

annihilating polynomial that annihilates A.

g1l A A &7 fHa& e Tgug YR f[AauT Tgug g &l A
& faeiu= Sar gl



Minimal Polynomial and Minimal Equation of a

Matrix

If f(x) is a polynomial of the lowest degree with leading coefficient
unity such that f(A4) = 0, then the polynomial f(x) is called the
minimal polynomial of the matrix A and the equation f(x) =0 is
called the minimal equation of the matrix A.

gfe f(x) ol Tuiiss Udar & WY A 4 3 T e 98U & o
f& f(A)=0, Tt TEUS f(x) B AT A FT YAdH TgUS HeT STdT & 3T
HHIPHI (x)=0 B! AFTTT A BT GAaH THIHIU HET AT 2|



Note:-
The degree of the minimal equation of an n-square matrix is
always less than or equal to that of characteristic equation

which is n.

n-aif AfeeT & Yaaw gHieu ot f&3 ga=m fatuar afiewor
ot f n 8, @ &9 g1 R1ER gt 2



Derogatory and Non-Derogatory Matrices
The n-square matrix is said to be derogatory if the degree of

its minimal equation is less than n.
And the n-square matrix is said to be non-derogatory if the

degree of its minimal equation is equal to n.

UH-TPTOR AT &) U el ardl ¢ dfe 39d gAdH
giievor #1 &0 n F 39 31 R vH-eR Aftew &1 |-
me%ﬁmwmﬁ%ﬁn$
e g



Note:-
A matrix is non-derogatory if the degree of its minimal
polynomial is equal to the degree of its characteristic

polynomial.

U Afeay IR-UHFEE § afe ISP YAdH Tgug & 33
IS faxiyar ague @t f$3t & REx B



Some Important Results:-

1.

2.

If A be a square matrix of order n, then adj. (A —Al) is a
matrix polynomial of degree at the most (n — 1).

The distinct roots of the characteristic equation ¢(1) =0
of a matrix A are also the distinct roots of the minimal
equation m(4) = 0 of A and conversely.

. If the eigen values of an n-square matrix are all different,

then its minimal equation is also of nth degree.

. If ¢(4) is the characteristic polynomial and m(4) is the

minimal polynomial then ¢(1) = (=1)"m(A).



5. If the roots of the characteristic equation of a square
matrix are all distinct, then the matrix is nonderogatory.
6. A square matrix A is scalar iff its minimal polynomial is of

degree one.
7. Every Identity matrix of order n > 2 is derogatory.



Example - 1 Find the minimal equation of matrix A =

| N
0 —4 2] and show that A is non-derogatory.

=0 7
The characteristic equation of A is given by |[A — 1| =0
1—-4 2 3
0 —-4-1 2 |=0
0 0 7—2
>(1=-D4-DT7-2)=0
On solving we get 1 = 1,—4,7
Eigen roots of A are 1, —4,7.

Here eigen roots of matrix A are all distinct.

—




Thus, characteristic equation and minimal equation are of
same degree and both have same roots.

Hence, the minimal equationof Ais (x - 1) (x+4)(x—7) =0
As degree of minimal polynomial is 3 , which is equal to order
of matrix A.

Hence matrix A is non-derogatory.



Example-2 Find the minimal equation of matrix A=

5 -6 -6
=1 4 2 ‘ and show that A is derogatory.
3 -6 -4
The characteristic equation of A is given by [A — Al| = 0
5—1 -6 —6
=>| -1 4-121 2 =)
3 -6 —-4-1

On solving we get
A-2)A-1)=0



A = 2,2,1 are the characteristic roots of A .

We know that each characteristic root of A is also a root of its
minimal equation.

letm(x)=(x—2)(x—1)=x?—-3x+2

Now we shall check, whether m(x) is the minimal polynomial
of A or not.



Now 4% =|-3 10 6

s =10 —18]

L9 =18 -14

~A? =34+ 21 =
13 -18 -18 =10 =y 2=t
[—3 10 6 |+] 3 —12—6+020]
9 -18 -14 -9 18 12 0.0 2

0 0 O
=lO 0 01=90

0 0 O

Thus matrix A satisfies the equation x* —3x + 2 =0
Hence m(x) = x? — 3x + 2 is the minimal polynomial of A.

Since its degree is less than the order of A.
Hence matrix A is derogatory.



