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Introduction:-

In this Class -1, we will discuss the following Concepts
3 ®al -1 8, g0 Fafafaa sayronst w aaf s
/ Sub Matrix of a Matrix
-Jg Minors of a Matrix
A‘ Rank of Matrix
\./> Method to find Rank of Matrix
\/ > Determinant Method (Shortcut Method)
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Sub Matrix of a Matrix

Let A be any matrix of order mxn, then a Matrix B obtained
by deleting some rows or some columns or both of a Matrix
A, is called a sub-matrix of matrix A.

HF AT A HIfE mxn T B ATHE ©, A1 T A Bl $O
Ufeaal a1 $ WHI a1 31 P §STH YT ATHE B B THE A
®T1 IU-AfeT Hg1 ATa1 g




For Example:-

12 .3 1 2 3
letA=|(4 5 6|beamatrixoforder?.><3.thenMatrixB=[4 5 € is a

sub matrix of 4 as it is obtained after deleting third row of matrix A.

123
Aadfda=|4 5 6ﬂ3x3$lw3ﬂ3‘!3%.?ﬁ3ﬂ3‘{63=[1 é z]A
7 8 9.

?wmm%mwmAaﬁ?ﬂﬁﬁaﬁwﬁ%mmﬁm
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Minors of a Matrix

If A be any matrix of order mxn, then the determinant of every
square sub-matrix of A is called a minor of the matrix A.

U%Aﬂmxnﬂaﬁ%“mm%.?ﬁA%WﬁW-m
& fAulve o At A T 9ER FeT AT 2|

Note:- The order of the square sub-matrix is called the order
of minor.

g1t IU-AfeT & HH B! oY BT HH HT a1 g |




For Example:-

a1 Q12 Qag3

azy Az az3l be a matrix of order 3 x 3, then By deleting any
az; Qazz Qs

one row and any one column, we get minors of order 2.

Let A =

A11 Qg2 Q137
A ® A=|ay ay; a,3|%H 3x3 $T U ATE &, 99 byl U ufad

a3zq1 Q32 Q33

3R f<ft v TWH F g1 W, 89 HH 2 & Y Mg W gid & |

a a a a a a
y 11 12|,A2 _ ‘ 12 13‘“43 — |21 22
dz; Qa3 azy as;

‘ etc.




Rank of Matrix:-

Let A be any non-zero matrix of order mxn, then a positive
integer ' r ' is called Rank of A if

WHEﬁﬁ'QA, mxnﬂﬁaﬁgﬂ-ﬁmmaﬁw
YFTHSD YUITD '’ BT A BT 3P Hgl Tdl ¢ die

1 A has atleast one non-zero minor of order ' r * and Every
minor of order r + 1 of A4, if any, is zero.

A FH F FH TP YA AR ¢ 9T HH 'r' § 3T A BT
r+1 %0 &1 YA® AR, TS B3 81, LI |



In other words,

Rank of matrix is the highest order of a non-zero minor of the
matrix.

Af¢ed 31 3P AR & R-LA ATER ST I=ATH HH ¢



Note:-
1 The Rank of a matrix is denoted by p(A).

Afdew 31 ¥ 3 p(a) RIS AT R

2 If A be a Zero matrix, then p(4) = 0

afe A 3 Afga 8, Y p(A)=0

3 If A be any non-zero matrix, then p(4) > 1.
—‘

afe A B TR A 2, A p(A)21.

4 If A be a non-singular matrix of order ' n * then p(4) =

afe AT 'n' TS <Jhonlly- AT 8, A p(A)=n

5 If I be an Identity matrix of order ' n " then p(I) = n

gfe | ¥ 'n' BT TS UgTH ATRI B, @ p(1)=n




6 The Rank of a diagonal matrix is equal to the number of non-zero
elements in the diagonal.

fdwof Afteaw o1 Yo ol & YR dal #1 T & e gl 2

7 When A is a non-zero matrix of order mxn, then Rank of 4 <
min(m, n)

uid A PH mxn T TR Q]Fa?l'\' ﬁ'@?ﬂ % at A<min(m,n) ﬁ?ﬁi

8 When A is a non-zero square matrix of order ' n ' and

o A FH 'n' BT TS AR 9 AfeaT 7 3R
If |A| = 0, then pSAZ =N

If |A| = 0, then p(A4) < n.
\




Methods to find Rank of Matrix

1. Determinant Method (Shortcut Method)
FFrefe fafer @réee faft)

2. Echelon form OR Triangular form Method

I U1 1y U fafy

3. Normal form OR Canonical form Method

A U aT A~



(L). Determinant Method (Shortcut Method)

When we try to find out Rank of a Matrix. Generally, we get
two types of a matrices

vig gH ol Aft ey 91 ¥ 91 Pl SR HIA § 1 MH AR W,
g4 3l UPR & Afeey fired §
(1) Square matrix of order 'n’

(2) Recijangular matrix of order m X n

XL (u(\L L2
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Rank of Square Matrix of order ' 1°

Rank of a non-zero square matrix of order ' 1 "is always ' 1

' 1 I AR I AT P IS gAN 1 A 2



For Example:-

Let A = [Z]NI:‘)e a square matrix of order ' 1°

HIF AT A=[2] H '1' BT US a7 AfcTT 8

Here,(lAl * 0,} it means matrix A has non-zero minor of order
"1 " and hence Rank of matrix 4 = 1.

ggl, |Al#0, SH®T Hd@d ¢ [P AT A H 39 '1' &1 TR-Y
uIER ¢ IR gEfag Afdem A B Y@ = 181




,zxz
Rank of Square Matrix of order ' 2

Rank of a non-zero square matrix A of order ' 2 ' is either 2 or
1.

HH' 2 I YAR T AT ABTIH ATl 211 B

2 LifF|Al =0
1 Jif|A] =0

A, ’-K

Rank of A =



Example-1

Let A = [3 4 )2t
Here, |4] = | |—4 6—
3 4lyyeq
Thus Matrix non-zero minor of order ' 2 °

Hence(Rank of Matrix A=2
SHUPR ARG AH ' 2 ' FH &1 IR-YI AR &
3 ﬂﬁWAﬂﬂa\iﬂ?= 2
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Example-2
3 A
Let 4 = e alavt

Here, |4] = |2 %|=12-12 {0 ]

Therefor Rank of matrix A must be less than 2.

gqfoe AfdwT A F1 Y& 2 @ &9 g1 T1fgul

Also, we have atleast one non-zero minor of order ' 1 " i.e |3, |2|, |6]| and |4]
all these are non-zero minors of order ' 1’

THS TN, TUR U Y ' 1° T HH A $H U IR-YI 7SR ¢, dfa | 3], |
2], 16| 3R | 4| Au R B0 " 1 & -y AR B

Hence Rank of Matrix A = 1




o B
Rank of Square Matrix of order ' 3
Rank of a non-zero square matrix A of order ' 3 ' is either 3,2

or 1.
®H '3 ' P YAdR a7 AT A PI¥F a1 a1 3,2 T11 gt o

< Case -1(Rank of matrix A = 3|only when
&Y -1 AT A 1 ¥F Haa al 3 = &9 |A|#0 &



. Case -2 Rank of matrix A = 2 only when/|4| = 0/and there
exists atleast one non-zero minor of order ' 2 .

Y -2 A B VP Faa a2 =T |A|=0 BT R HH' 2
H1 $H A FH TP YAdR AR HISG &l

" Case -3 Rank of Matrix A = 1 only whennd every
minor of order ' 2 " is zero.
$Y -3 At A B P Faa a1 gl e 5T |A|=0 BT 3R " 2
Hife BT TP AR I B




Here |A| =

2

S 2 0

3

be a square matrix of order ' 3

1399

H '3’ BT US T Ao &

=1(0—8) —2(0 — 20) + 3(0 + 5)
= -8 +40 + 15

= 47

Hence Rank of Matrix A=3



Example-2

letA=|3 2 1‘ be a square matrix of order ' 3 °
1 1 1lsx%
. 1 2-7
AAAA=|3 2 1|PH'3' FTTH T ATHE &
t—1—1l
1 2 e \\ q_\
Here |A| = |3 2 W R e
-12-1)-2G-1+3@-2)
=1-4+3=0 ""



Note:- Similarly Rank of square matrix of order > 4 can be
obtained by the same method.

Ie:- 34 a8 B 24 F T Afeey i Yo It /Y I ur #°t
ST Gl 2|



Rank of Rectangular matrix



Rank of Row Matrix
Rank of Row matrix is always ' 1

ufey Afdew &t ¥ = 1 L

A = [2 8 ¢ &]u&‘«]

For Example:-
letA=([1 2 3] beaRow matrixoforder1 x3

AAdfPA=[1 2 3] PFHIx3 BTSN AR &

Rw\\t =t
=



Rank of Column Matrix

Rank of Column Matrix is always =
Plad Afged ot b ga " 1§l &
l
- ( =
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For Example:-

1
Let 4 = zl is a column matrix of order 3 x 1
3ay
=2
HE Ao 4 = (2| 3x1 PH &1 TS WY AfcRT 2
3.

Here |1|,|2| and |3| are three minors each of order ' 1.
ggl 1],|2] 3R |3] 99 ATE-R & foFH | e 1% '1' 8l

Hence [Rank of Matrix 4 = 1
I AT A BT ISP = 1



Rank of Rectangular Matrix of order m x n

Rank of rectangular matrix of order m X n is always less than
S ——

or equal to min(m, n).

H mxn %mﬁﬁaﬂaﬂhsﬁm min(m,n)'\ﬁaﬁ'qm
SRR gt g

i.e Rank of matrix|4A < min(m, n)

gT-t AfEET A<min(m,n) P ¥




Working Rule:-

1 Suppose min(m,n) = p and if we get atleast one non-zero minor of order
"p'then RankofA=p

AT TTT min(m,n)=p & 3 afe 9 o9 | &7 s - AR Haars
ﬁl’\‘lﬂ?‘lﬂp%ﬁﬁlﬁh =p

2 If all minors of order " p " are zero.then next we find all

the minors of order p — 1 and if any minor of order p — 1 is non-zero, then
Rank of matrix 4 is p — 1. Otherwise find all the minors of order p — 2.

afe #H p' F AN AR YA & A A P IS <p B, THS 91 80 HH p-1 & Wit
HIS-R UTd & 3R af 34 p-1 FT FIg W AR R-y 8, dl AT A St ¥+
p-1 8 3=IYT HH p-2 & JH ATER UId 2|



3 Continue like this we shall get atleast one minor of order ' r ' which is
non-zero and all minors of order r + 1 are zero. Thus Rank of matrix A =r

gl a1 3T 9¢d §U BH H v’ BT $H A $H UP HIZR MM ol R-J 8
IRFAr+1 F AN AR YA I SHTPR ARTHASIIF =1




For Example:-

1 2 0 1
1 21 3] be a matrix of order 3 x 4. So it cannot have minors of order 4.

2 4 2 6l3r\M

1 3-0 %
aadafda=[(1 2 1 3

2 4 2 6

Let A =

PH 3x4 BT US ATHE ¢ 3d: T9H $H 4 S @Y 781 8l IHd |

1 0 1
233
2 2 6

1 2 1

1i-2 3
2 4 6

1 2 0
1 2 1
2 4 2

and

r »

Here we will get four minors of order ' 3 ' and which are
ﬁ

2 0 1
i
4 2 6

determinant is zero.
1. Z 11 2 3L -1 3 2 2 3

i en's S erRat v} oie
221 12 4 - 4 2
Fufa &, drerdl i el o ot Ghpl # ol GRrG ik ATeRTy A AR T 1

In each case, third row is twice the second row and hence value of each

1 2 0|1 2 1|1 0 1 2 0 1

e

L] L




All minors of order ' 3 ' are zero and(so Rankof A < 3
'3' H & FHI AT R Y § 3R AT A BT3P <3

Now consider a minor of order ' 2°

3F '2' PH B HBR W) AR &
ll —'As atleast one minor of order ' 2 ' is non-zero and
3 ] -

all minors or order ' 3 ' are zero

7 3| =E1= o) 2 Fu w1 HH & o0 T AER A T @ R
mﬁmwmm 3' YT §

Hence Rank of matrix 4 = 2

ZHfeg AT A B IS = 2
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