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Continuity

Definition of Continuity at a Point: A function f:R - R
Is said to be continuous at a point x = a € R; when
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(1) f(a) is defined — [ ) = fo).

(2) lim,_,, f(x) exist "

(3) limy_af(x) = f(@)



Continuity on an Interval) A function is said to be

continus on an intervali If it is continuous at every
point within that interval.
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Epsilon-Delta Definition of Continuity: Let f:AC R > R, be a
real valued function. Then, f is said to be continuous at x = a €

A, if for £ > 0,356 >0 s.t. |f(x) — f(a)| < &, whenever |x —a| <
0,XEA
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Otherwise, said to be dis-continuity.
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Note —

1. Sum and Difference of Continuous Functions: If f
and g are continuous at a, then f(x) + g(x) and
f(x) — g(x) are also continuous at a.
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2. Product of Continuous Functions: If f and g are

continuous at a, then their product f(x): - g(x) is
also continuous at a.
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C @Minuous Functions: If f and g are

continuous at a and g(a) # 0, then the quotient ; 8

iIs continuous at a.
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4.Polynomial Functions) Polynomial functions are

continuous everywhere on R. Any sum, difference,
or product of polynomials is also continuous.
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Rational Functions:; A rational function f(x) =

z_g_;, where p(x) and ¢q(x) are polynomials, is

continuous everywhere except where g(x) = 0.
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6/Absolute Value Function: The absolute value

function f(x) = |x| is continuous everywhere on R.
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7.Composition of Continuous Functions: If [ is
continuous at g(a) and g is continuous at g, :hen the
composition f o g (i.e., f(g(x))) is continuous at a.
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8. Exponential and Logarithmic Functions: — ajwq*j/(mhnotﬂ
a1 3R TG H1Y:
(i) The exponential function e* is continuous
everywhere.

(i) The logarithmic function In (x) is continuous

wherever it is defmed e, x>0. ¢ e
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Q@ntinuity of Trigonometric)Functions: The basic

trigonometric functions sin (x), cos (x), andfan (x)

are continuous on their domains:
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continuous and one-to-one (biiective) on its
domain, then it's inverse /! is also continuous on

the corresponding range.
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11. Continuity on Closed Intervals: If f(x) is continuous
on a closed interval [a,b], hen f(x) attains both a
maximum and minimum value on that interval This is
known as the Extreme Value Theorem).
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12. Sequence criteria of continuity:

13. Criteria for not continuous:



Uniform continuity

Uniform continuity uniform continuous on set A if for any

£>0,36 >0 s.t. |f(x)—f(y)| <e& whenever |x—y|<
5, x,yEA

UHIHE ATdd THHHE Had d¢ A IR gig fHdt £>0,35>0
s.t. & ferg |f(x)-f(y)|<eg, SId it Ix-y|<6,x,yEA
Otherwise, said to be not uniform continuity.
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Heine-Cantor Theorem: A Continuous function on a
closed and bounded interval is uniformly
continuous. This is known as the Heine-Cantor
Theorem.
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Note:
1. If f is continuous function = f istuniform continui

2. If f is uniform continuous ﬂﬁmf is continuity function.

3. Let a function f be continuous on an open Loundecj
interval (a, b), then f is uniformly continuous on (a, b) if
+f(x)&lim,_,,- f(x) both exist finitely. it is

necessary condition.
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4. Uniform Continuity and Sequences (Sequential
Criterion): A function f is uniformly continuous if, for
every sequence {a,} and {b,} in the domain such that
l\a, — b,| — 0, it follows that |f(a,) — f(b,)| = 0



blgebra of U.C} If / and g are two uniform continuity
function Then,
g 3t. &1 FerTivre: afe £ 3R g S 99 HIad wa- g o,
iy A1 f + A, g is uniform continuity.
__Aii) fog is uniform continuity.




(S)G’roduct of Uniformly Continuous Functions If f and
g are uniformly continuous on a domain I, then their
product f(x): - g(x) may not necessarily be uniformly
Ner—"_—

continuous
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(6) If f and g are two bounded function and uniform
continuous function. Then, f.g is uniform continuous.

afe f 3R g & uRag Ba 3R THaa Had Bad g1 al,
f.g THYHTE Hdd B g




%(7) If f(x) is continuous function. If derivative of f(x) is

bounded
(il,e. |[f'(x)| <k ) Then, f(x) is uniform continuous. But

converse need not true.

(8) If a function f:(a, b) = R is continuous function.

Then, f is uniform continuity iff lim,_,+f(x) and
lim,.,p- f (x) exists finitely

/,(9) If f is continuous and(fe?iodic function\Then,

g ] : l.
f(x) is uniform continuous function. M\(M( e —




