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Complex Number

1. Logarithm of a Complex Number :

If z=x+iy = r(cos 0 + isin ) =re'
log, z =log, r +i6
log, z =log, |z| + i(arg z)
: 1
log, (x + iy) = ;log, (x* +¥*) +
itan~! (y/x)




General value of the argument, we shall
get the general value of log, Z

log, z =log, z + (2nm)i




Logarithm of a Complex
Number:

Example. (i) log (2 + 2i)

(i) log, (1 + iV3)

Note: (i) log z = (log 2)

(ii) log (—2z) = log z + mi




Exponential Functions of

Complex Number:

(i) e**# = e%(cos B + isin B)

_a™B = qe.elfloga (q e R)
) = a“{cos (Blog a) + isin (Blog a)}

(iii) (x + iy)tu-!ﬂ — ela+tip)log (x+iy)
= e(‘”‘ﬂ)(%'“g (x?+y?)+itan1 y/x|

— ep(cos g+isin q)




where p = -Elog (x%2 + y?) — Btan~1

X

q ="2log (x* + y?) + atan™1

X




Exponential Functions of
Complex Number:

Example
(i) 42+3i
(ii) (1 + i)




a®tiB = g« . piBlog a (a € R)
= a“{cos (Blog a) + isin (Blog a)}
(x A iy)m-lﬂ — e(a-i-tﬂ)log (x+iy)

= e(a+tﬂ)(-;_-log (x2+y?%)+itan~1 y/x}
= eP*iq

= eP(cos q + isin q)




Values of it

Observations:
(i) i’ is a real number.

(ii) Principal value of i’ = e ™2 (jii) 0 <
it <1.

(iv) Values of i’ are in GP with common




Square Root of a Complex




Note:

(i) To find \_/x—iy replace i by —i in
above results

(i) Vi=+ = (1 + i)




Short Method: To obtain /x + iy find
two numbers a, b such that

ab=1vy/2and a*? -b*=x
Jx+iy =+(a+ib)
Jx—iy =+(a-—ib)

Example. Find the square root of 7 +
24i,7 — 24i,—7 + 24i,—7 — 24i




Locus of z : To find locus of z, we replace
z by x + iy in the given relation

Example. If |z| = a, then

Example. If |z—c| =a where a,c€ER,
then




Example. If |z| < a, then




De Moivre's Theorem

If n € Q, then

(cos @ + isin )™ = cos n@ + isin no

or
(cos 6,sin 8)™ = (cos n#@, sin no)

Note: This theorem is not valid when n is not a
rational number or the complex number is not in the
form cos @ + isin 6. For example.

(cos 0 + isin 0)‘/i # cos (V20) + isin(vV260) [+ V2 ¢ Q]

(cos @ + isin ¢)" # cos nO + isin n¢
__(sin 6 + icos 6)" # sin n6 + icos né

| ! "1




Example of De Moivre's Theorem
Example - (cos m/4,sin mw/4)3
Example - (sin /3 + icos w/3)*




Powers of Complex Numbers
2" = (7", n6)

Example. Evaluate: (1 + i)° + (1 — i)®




Roots of Complex Numbers

2mm+60
zV/m = (r1/m, 2ME40) _ p1/ne™0 m = 0,1,2, .., (n -

n
1)
The value corresponding to m =0 is called the
principal value of z!/®

Example. Find the value of (1 + iV3)/3




- (1 Qmo'c Roots of Unity
1Y/7 = (1, 2mm/n)
= cos (Zmm/n) + isin (Z2mm/n)
= el®mr/m) ;| = 0,1,2,...,(n — 1)
Moz [40= 1 ( 1)(/ , x-é' L — 1 ei@n/n) gildn/n)  gil2(n-Dyn/n]
=1 e R

= 20T , | SineX
- 065D

(A) When n = 3 (cube roots of unity):
L
- (| ’ 2 ™ JT

IE



1. The square root of i is

i BT TS 8:

(a) 3 (1 +1)
(b) (1 —1)
() £ (A +1)
(d) £ 51 -1)

UKPSC GIC 2018
UP PGT 2013




2. The polar form of -1 —,/(-3) is

< J(—_smgﬂuﬁé

DY (cos T _ isin ?

(b) 2 (cos +isin -)

2w

(c) 2 (cos-;—+i m—-

(d) 2 (cos-’g-— 1sinZ 3)

UP TGT-2016 (08-03-2019)




3. The square root of 5 + 12i is:
5 + 12i T THA &:

(a) (3 + 2i)

(b) (2 + 3i)

(c) (2 = 3i)

(d) (3-2i)

KVS PGT 23-12-2018




4. The three cube roots of z = —8i are

z aTEﬂT-IHT-I'I{G%‘ 3
2 m_u _‘/__N__' =~3J‘3+L ‘1L+3j§

M (c) 21,—V3 —1,V3 +1 k.

-8( (d) 2i,—V3 — i,—V3 +1i = 3K -Bl-29%
= B} LT 2018
) - ‘
(-3 9-— | (B4 | N

..’_.\
= (3J3H+3J [ )}

'-“'l' -- |

\'a. .\

o =g



5. IfA+iB—7 “,thenvalueofA B is-
uﬁuua_"' Z‘EhA-Baﬂm%

(a)% (2o 7-ui) o 2-%(-8
CHEGRGE (4:4}(?35 49 v 16

=5 Dy -26)
(L o [ 3-26(
1 t g U -




1+i iS
1+V/3i

JDD-75-PGT TIER 1I-X-15 28.06.2015




7. The modulus of “22270 g equal -

3-4i
(1+2i)(2-i) .
2020 T AT THD ST &-

(a)5
(b) V5
(©) 1

1
(d) 7

JDD-75-PGT TIER 11-X-15 28.06.2015




< = 5
8 Sim plify (cos 36+isin 360)"-(cos 46—isin 490)

(cos 40+isin 40)3-(cos 50+isin 50)~%




Properties of Cube Roots of Unity:
KGI) wi;__l___,__, C.-_)?f- CU‘-I-CO?"_" o
i) 1+ w + w? :_2
(iii) " + 0" + "2 = 0Vn e Z
(i.e., the sum of three consecutive integral power of

0=0) juwye) -
1w 3when n =3k

. n 2n
(v)1+ests {Owhen n+3k' kez

Wl w-w=1 le N

(vi) (m)z—wz (@?)? = w O+W+wW =]
—jvn) 1/w=a*1/w* cw

(i.e., are recuprocal of each other)

(vm) w w? w? = W
. . = -‘-FIT"‘} '::' -._. / J r_"' / -.; f ]












C,.)':-"Hfu (x)1—-iV3 =—-2wor —2w? V3 +i=—-2wi

2 or —2w?i
1+iV3 =-2w?or —2w,V3 —i=2wi
or 2w?i.
If 1";"5 = —w, then 1+;‘/§ = —w* and
if 1+;‘f§ = —w, then 1‘:‘15 = —@?
(xi) Arguments of imaginary cube roots = 2w/
3,—2m/3.
(xii) 1, w, w* are vertices of an equilateral triangle
with

side =+/3, area = 3V/3/4

\
\




Properties of Cube Roots of Unity:
When n = 4 (Fourth roots of unity):
I = (1 Zmn/g) 0 ' 5 '5

= COS ( 41') + isin Zmn/4),m =0,1,2, 3

= 1, (cos m/2 + isin m/2), (cos m + isin m)
" (cos 3m/2 + isin 3m/2)
— e(rrlz) emi e/

=g —1,—1

1Y% = 41 +i




Properties of Cube Roots of Unity:

Q. If 1, w, w* are cube roots of unityand |a + b + c =
0. then (a + bw + cw?)?® + (a + bw? + cw)? is equal
to

()0

(ii) 3abs.
(iii) 27abs
(iv) None




Complex Number

Roots of -1
(D)2 =1¢-i

-D13=-1 £ 1
e i l =
> V3) = -1, —w, —w?

(-4 = !
- —2(1 + i)

Example - (—8)5 =




Geometry of Complex Numbers

(i) If z; and z, are two complex numbers representing points
?EF,_& P and Q, then

— PQ =|zq — z;|
(ii) If R(z) divides line segment PQ in the ratio m,: m,, then
myz; + myz,

Z.= .

(iii) If z4, z,, z; represent vertices A, B, C of A ABC, then
Y Z3 — 4
LA = arg ( = )
1

" 4 R
(iv) Complex numbers z1,z2, 23 are collinear, if
arg = 21)
ie. =—* is purely real. \————"/

Z—2

TIDIE ) TILErs

: 'f’l_' 4 _r; :: ; f { ’

;/

v ke G | SN

centroid =




Some Particular Locus

(i) Equation of the line joining complex numbers z,
andz, z=tz, + (1—-t)z,t €ER

or
Z— 24 2—21

Zy) — 24 —Zz—zl
or
z2 z 1

Zy 24 1
Zy, Zy 1

=\




Some Particular Locus

(ii) General equation of a line in complex plane:
az+az+b=0
(iii) Equation of a circle in central form:
1z —2zo| =7
(where z; is the center and r is the radius of the circle)
(iv) General equation of a circle :
Zz+az+az+b=0
( Centre is the point — a)

radius = ,/|al|?2— b




Complex Number

Some Particular Locus
(v) Equation of a circle in diameter form:
(z—2:)(2—2) +(z—22)(Z—-%2,) =0
or
1z —241% + |z — 2;|* = |24 — z,|*
(which z,,z, are end points of a diameter of the
circle)
(vi) [z — 24| = |z — z,|
is the equation of the perpendicular bisector of the
line segment joining points z; and z,.
=k, or|z—z,| =k|z—2z;|,k> 0,k #1is




Some Particular Locus
(viii) arg (=2) = +%

Z—2Z7

represents a circle where z,,z, are end points of a
diameter of the circle.

(ix) arg (:2) =0 or m represents a line joining

points z; and z,.
(x) |z—2zq|+|z— 23| =|2zy — 2| represents line
segment joining points z; and z,.

(xi) |z—2z4| +|z—2,| =k, k > |z, — z,| represents an
ellipse whose foci are at points z; and z,.

(xii) |z —2z4| — |z — 23| = k, k < |zy — z,| represents a

| 'S 74 ¢ ' B




(xili) |z—2z;/=Re(z) or Im(z) represents a
parabola.




Q. If a, B, y are cube roots of a negative real number,
xa+yp+zy et

then for any J; y, z,:’ B ?7 = equals P-': _ m« >0
(a) w T+ YPrZY ;s_ U"-\%
< K P"‘&Y"‘ZQ T




Q. If w is an imaginary cube root of unity, then (1 +
w)(1+ 01+ 0*)(1+ ) ...100 factors is equal
to

(a) 1

(b) -1
(d) w?




