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Complex Number

1. Logarithm of a Complex Number :

If z=x+iy = r(cos 0 + isin ) =re'
log, z =log, r +i6
log, z =log, |z| + i(arg z)
: 1
log, (x + iy) = ;log, (x* +¥*) +
itan~! (y/x)




General value of the argument, we shall
get the general value of log, Z

log, z =log, z + (2nm)i




Logarithm of a Complex
Number:

Example. (i) log (2 + 2i)

(i) log, (1 + iV3)

Note: (i) log z = (log 2)

(ii) log (—2z) = log z + mi




Exponential Functions of

Complex Number:

(i) e**# = e%(cos B + isin B)

_a™B = qe.elfloga (q e R)
) = a“{cos (Blog a) + isin (Blog a)}

(iii) (x + iy)tu-!ﬂ — ela+tip)log (x+iy)
= e(‘”‘ﬂ)(%'“g (x?+y?)+itan1 y/x|

— ep(cos g+isin q)




where p = -Elog (x%2 + y?) — Btan~1

X

q ="2log (x* + y?) + atan™1

X




Exponential Functions of
Complex Number:

Example
(i) 42+3i
(ii) (1 + i)




a®tiB = g« . piBlog a (a € R)
= a“{cos (Blog a) + isin (Blog a)}
(x A iy)m-lﬂ — e(a-i-tﬂ)log (x+iy)

= e(a+tﬂ)(-;_-log (x2+y?%)+itan~1 y/x}
= eP*iq

= eP(cos q + isin q)




Values of it

Observations:
(i) i’ is a real number.

(ii) Principal value of i’ = e ™2 (jii) 0 <
it <1.

(iv) Values of i’ are in GP with common




Square Root of a Complex
Number




Note:

(i) To find /x — iy replace i by —i in
above results.
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b= % Short Method: To obtain ,/x + iy find
two numbers a, b such that

p 5
C-o= % ab = ?L/Z and a®? -b*=x
. )‘{ +2Y( :-T@“‘) fm = +(a + ib)
ab:%_‘!:fz Jx—iy =t(a-ib)
0~ b="7 Example. Find the square root of 7 +
6-9-7. 2407 —24i,—7 + 24i,—7 — 24i

r J r‘f .‘,







2= %4y
(x-%)* (yy)=0"

lZ" c\ e Example. If |z| = a, the
miy-c ) =2 2 35%74\00
z\v‘"-*

\(X-—t)+i} | =2
Ex
ample. If |z—c|=a where a,c€R

(X g =0 then
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Example. If |z| < a, then




De Moivre's Theorem

Ifﬂz h
. ool %.?:; 0 + isin 0)" = cos nO + isin n6
@058}5in9){@5 OHEne)  grme or

~>(cos 0,sin )™ = (cos n@,sin nh)

Note: This theorem is valid when n is not a
rational number or the complex number is not in the

aﬁi?‘t?? For example.
OX_(cos @ + isin 8)"% # cos (V20) + isin(v/20) [-V2 ¢ Q]

A(cos O + isin ¢)" # cos nb + isin n¢
X 9)" + sin n@ + icos né




Example of De Moivre's Theorem B
ys Example - (cos m/4,sin w/4)3 ‘[ x&" ""”(‘;T"
3%'@ Example - (sin /3 + icgs m/3)*, = ;_%_
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Powers of Complex Numbers
2= — 0" nb)

Example. Evaluate: (1 + i)° + (1 — i)®

Z':- )(-fi,‘l _ %n: 91‘“1 n® |
[: (=4 4) - 9 (Cesny \,S"hn@>
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Roots of Complex Numbers

Qxﬂb{) zl/n — (rlht, 2""”“) — y1/n e‘zm:-»o,m =012 .. (n _D

= : 200000 |, j Q) 2L TS
L0g QCUS T i
The value corresponding to m =0"is called the

rincipal val i/n ‘ e
P P ue°fz e(O: ('o,gg_'_llg'hg

Example. Find the value of (1 +iV3)!/3 "N=3 e
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Roots of Unity
1/" = (1, 2mm/n)

= co0s (Zmm/n) + isin (Zmm/n)
= 1 el@m/n) i(4n/n)  oil2(n-1)m/n]

=1, a, a? a"l

Particular Cases :
(A) When n = 3 (cube roots of unity):




1. The square root of i is

i BT TS 8:

(a) 3 (1 +1)
(b) (1 —1)
\\/})i%an)

(d) £ 51 -1)

UKPSC GIC 2018
UP PGT 2013




2. The polar form of -1 —,/(-3) is

< J(—_smgﬂuﬁé

DY (cos T _ isin ?

(b) 2 (cos +isin -)

2w

(c) 2 (cos-;—+i m—-

(d) 2 (cos-’g-— 1sinZ 3)

UP TGT-2016 (08-03-2019)




3. The square root of 5 + 12i is:

5 + 12i BT A &
—%4) (3 + 2i)

(b) (2 + 3i)
(c) (2 —3i)
(d) (3-2i)
KVS PGT 23-12-2018
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4. The three cube roots of z = —8i are
z=-8i P A ITHA S

(a) 21, —vV3—-1V3 —1

(b) —2i,—V/3 —i,V/3 —i

(c) 2i,—V3 —i,V3 +i

(d) 2i,—V3 —i,—V/3 +i

LT 2018




5. fA+iB —-?-‘ﬂ then value of A — B is-
trﬁ:AHB_j i:,a’u BHTH &
(an)%2

(b)3§

(€) )

(d) —¢

UP PGT-2016 (02-02-2019)




1+i .
IS

6. The amplitude of

Py e 1+V/3i
1’:-\/51
(a) fzn
(b) 1
(c) i
(d) —

JDD-75-PGT TIER 11-X-15 28.06.2015




7. The modulus of “22270 g equal -

3-4i
(1+2i)(2-i) .
2020 T AT THD ST &-

(a)5
(b) V5
(©) 1

1
(d) 7

JDD-75-PGT TIER 11-X-15 28.06.2015







Properties of Cube Roots of Unity:

() w3 =1

1+ w+w?=0

(iii) 0" + "1+ "2 =0Vn e Z

(i.e., the sum of three consecutive integral power of

w=0)

. n on (3when n =3k

(V) 1+o t e {Owhen n+3k' kez
V)1 o w?=

(vi) (w)? = &% (@) = w

(vii) 1/0 = @*, 1/w* — w

(i.e., w, w? are reciprocal of each other)
(viii) @ = w? w? = @

i T | |
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(x)1—-iV3 =—-2wor —2w? V3 +i=—-2wi

or —2w?i

1+iV3 = -2w?or —2w,V3 - i = 2wi

or 2w?i.

If 1’;‘/§ = —w, then 1+;‘,§ = —w? and

if 1+;‘f§ = —w, then 1';‘5 = —@w?

(xi) Arguments of imaginary cube roots = 2m/
3,—2m/3.

(xii) 1, w, w* are vertices of an equilateral triangle
with

side =+/3, area = 3V/3/4




Properties of Cube Roots of Unity:

When n = 4 (Fourth roots of unity):
114 = (1, 2mm/4)

Zm
= COS ( 4") + isin Zmn/4),m=0,1,2,3

=1, (cos m/2 + isin m/2), (cos m + isin m)
(cos 3m/2 + isin 3m/2)
=1, e(n'/Z)’ en't’ e.(311'/2)i

=g —1,—1

- 11/4 = ilr +i




