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SEQUENCES IN METRIC SPACES

A sequence of points of X is a function f from N onto X.
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Convergence of Real Sequences in Metric Space:- Let (X, d) be
a metric space and {x,} be a sequence in X. An element x € X
is called a limit of {x,} if for every € >0, 3 a +ve integer n,
such that|d(x,, x) < &|Vn >
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Theorem-1. A sequence can have at most/one limit/point,
equivalently limit of a sequence, if it exists, is unique.
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Q. Which of the following statements best illustrates unique Limit point of
sequence if it Exist?
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\/xf If a sequence (x,,) converges to two different limits a and b, then a = b.

)(B) If a sequence (x,,) has more than one limit point, then the sequence is
divergent.

)t) If a sequence (x,) converges, the limit of the sequence is always zero.

XD) A sequence can have multiple limit points if it is bounded and
oscillatory.



Theorem-2. X, » xiffd(X,,x) - 0inR
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Q. In the Usual Metric space (R, d) sequence (x,,) converges to x
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Cauchy Sequences in Metric Spaces

Cauchy Sequence: - Let d be a metric on X. A sequence {x,,} in X is
said to be a Cauchy sequence if for every £ > 0, there exists a
positive integer p such that d(x,, x,,,) < eVn,m > p.
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Theorem-3. Every convergent Sequence in a Metric Space is
Cauchy, but converses is not true.

THg-3. Hifte W9 § yde AfERY 3w Sidl 8, Afe gaeT
fudla g T8t 21



Q. Let (X, d) be a metric space and (x,,) be a sequence in X. Which of
the following statements is true?
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A) Every Cauchy sequence in a metric space is convergent.

ﬁery convergent sequence in a metric space is Cauchy.

C) There exists a Cauchy sequence in a metric space that is not
bounded.

D) In a complete metric space, every convergent sequence is not
necessarily Cauchy.



Sequentially Continuous: A function f is sequentially continuous if
for every convergent sequence (x,,) in X with limit x, the sequence
(f(x,)) converges to f(x) in Y.

Sequential continuity is a weaker condition than continuity.
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f'j/ Note: In metric spaces, continuity implies sequential continuity.
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I@is continuous at x € X, then for any sequence (x,,) converging
to x, f(x,,)converges to f(x).
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Completion of a Metric Space

Complete Metric Space: A metric space (x, d) is said to be complete
if every Cauchy sequence in X converges in X.
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Q. Which of the following statements is true regarding the
(completeness) of the usual metric space (R, d) ?
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)Q Every bounded sequence in (R, d) has a convergent
subsequence.

—-«—B@:ery Cauchy sequence in (R, d) converges to a limit in R.
C) Every sequence in (R, d) converges to a point in R.

D) Every sequence in (R, d) is bounded.



Completion of a Metric Space

Q. Is the space of complex numbers C with the metric defined as
d(z a)) = |z — w| complete?
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) Yes
B) No

>6 Yes, because every bounded sequence in C has a convergent
subsequence. =

D) No, because there are unbounded sequences in C.



Note:
. Every Cauchy Sequence in C converges in C, Then C is Complete Metric Space.
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\/‘!./Every Cauchy Sequence in R converges in R, Then R is Complete Metric Space.
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3. The set X of Rational Numbers w.r.t usual metric is Not Complete Metric Space
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4. Every Discrete Metric on X, Then (X, d) is Complete Metric Space.
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5. The set R”is complete w.r.t. the Euclidean Metric
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6. Cauchy Sequence {f,} in f(s) converges to f € f(s) = [(s) is
complete.
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7. The set X of irrational Numbers w.r.t usual metric is Not
Complete Metric Space
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8. Let (X, d) be a metric space and let A be a subset of X
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if A is closed then A is also Complete
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Q. Which of the following metric space is not complete?
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\/(. set of rationals.
B. set of real numbers

C. set of complex numbers

\/D/: set of irrationals



Q. Let (X,d) be a metric space and let B be a subset of X then if B
Is closed then B is also

A. unbounded
B. compact
C. bounded

\.ﬁomplete



Q. A metric space X is said to be complete if
U& Af¢s WH x &t guf He1 oirar @ afe
?<A. if every convergent sequence in it is bounded
A, if every Cauchy sequence in X converges in X
/><C. iIf Cauchy sequence in X is not convergent

><l). if every Cauchy sequence in X has more than 2 convergent
ubsequences



Q. In metric space, if the function f is continuous, then
W ¥, afe veq fARav 8, @
. f is sequentially continuous.
B. f is differentiable.
C. fis onto.

D. f is uniformly continuous.



Q. If d(x,y) = (x — v)* then which of the following is true
gfe d(x,y) = (x — y)° a‘rﬁaﬂ‘ﬁaﬁqmw%

.'d' is not metric on R.

B. ‘'d’ does not satisfy symmetric properly.
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C. d' satisfies triangle inequality.

/ D. 'd’ is metric on R. (‘K*“l) < (7(-'7,)"-4» (z_j)'z,
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